Motivated by the recent success of optical trapping of alkali Bose condensate, we have studied the superfluid state of optically trapped alkali fermions, which can have Cooper pairs with total spin J ≥ 2. In this paper, we shall discuss 
like 22 
Na and
134 Cs which have f = 5/2 and 7/2 can have Cooper pairs with total spin as high as 4 and 6. From the example of superfluid 3 He, one can be sure that the internal structure of these large spin Cooper pairs will generate a multitude of macroscopic quantum phenomena. The purpose of this paper is to point out the structure these large spin Cooper pairs, and a surprising change in behavior of a spin-J Cooper pair as a function of fermion spin f .
As a first step, we shall focus on homogenous dilute Fermi gases in zero magnetic fields.
It is important to understand the homogeneous situation before studying the trapped cases [6] . Moreover, the physics of homogeneous systems are important in their own right. At first sight, the weak field limit seems difficult to achieve, for even the Earth magnetic field amounts to 10 −4 K, enough to polarize the whole gas. Despite this "strong" background field, which can be shielded off to a large extent, one can reduce it effectively to the weak field limit by specifying the total spin S of the system. Since the dynamics of these systems is spin conserving [3] , a prepared spin S out of equilibrium with an external field cannot relax to its equilibrium value. The system therefore sees an effective field which would have been in equilibrium with the prepared S. By choosing S appropriately, the effective field can be made much smaller than the external one. This method has very recently been used by Ketterle's group to study the spinor nature of the 23 Na condensate [5] .
Of course, for a pairing state to be observable, its pairing interaction has to be sufficiently negative to produce an observable T c . While the scattering lengths of some alkali fermions have been calculated, they remain unknown for many alkalis. (See later discussion). In view of the lack of information, we have performed a general study of the large spin Cooper pairs.
In particular, we shall discuss the J = 2 pairing in detail. This is the simplest among all large spin pairing which also has an exact solution. The phenomena contained in this case reveal the rich physics installed, which turns out to be remarkable indeed. For simplicity, we shall call the S-wave spin-J Cooper pairs (made up of two spin f fermions) "spin" Cooper pairs, and singlet Cooper pairs with orbital angular momentum J (made up of two spin-1/2 fermions) "orbital" Cooper pairs. Let us first summarize our findings :
(A) The structure of "spin" Cooper pairs is analogous to that of "orbital" Cooper pairs with the same angular momentum. This allows one to obtain information of the former from the latter, for which an exact solution already exists for J = 2.
(B) The structure of a spin-J Cooper changes as the spin f of the constituent fermions increases beyond a critical value. For Cooper pairs with spin J = 2, they are "ferromagnetic"
(or "axial") if f ≥ 7/2, but non-magnetic (or "real") if f ≤ 5/2. This change of character as a function of f is a result of maximizing the phase space for pairing and is independent of interaction parameters, as long as they favor J = 2 pairing.
Free energy : The low energy effective Hamiltonian of a spin-f dilute Fermi gas with s-wave interactions has been derived in ref. [3] . It is rotationally invariant in spin space, and is of the form H − µN= dxψ
where M is the mass of the fermion, < f f ; F m|f f µν > is the Clebsch-Gordan coefficient for forming a total spin F from two spin-f particles, g F = 4πh 2 a F /M, and a F is the s-wave scattering length of two spin-f fermions in the scattering channel with total spin F . Because of antisymmetry of the fermions, only even F 's appear in eq.(1).
The order parameter of an S-wave superfluids is Ψ αβ (x) =< ψ α (x)ψ β (x) >, which is a (2f + 1) × (2f + 1) antisymmetric matrix in spin space. For homogeneous systems, Ψ αβ is independent of x. It is convenient to define the gap function
The free energy according BCS theory is
where Γ −1 is given by eq.(1) with g F replaced by g
General structure of Cooper pairs with spin angular momentum J : Under a spin rotation
For gap functions that transform like an angular momentum state |Jm >, they must satisfy
It is easy to see that the solution of eq. (4) is (∆
structure of the spin-J gap function is therefore
where the second expression in eq. (5) is simply the first written in abstract form.
To find the ∆ (J) that minimizes the energy, and to illustrate the relation of "spin" and "orbital" Cooper pairs, it is useful to consider a different representation of ∆ (J) . First, we note that the singlet state (
and has the properties η + η = 1, U + η = ηU T , and
where Y Jm (F) is a matrix obtained by first writing the spherical harmonic
m (k) in a symmetric rectangular form, and then by replacing k i by the matrix F i [7] . For example,
form of the order parameter within the angular momentum J subspace is then
Using Wigner-Eckart theorem, it is easily seen that the two representation eq. (5) and eq. (6) are identical. 
It is also useful to compare the spin structure of ∆ (J) in eq. (7) 
Comparing eq. (7) and eq. (8), one finds that they are almost identical except that the F i 's are non-commuting matrices whereas the k i s are c-numbers. On the other hand, this means that these two structures approach each other as f increases, since the spin operator F behaves more like a classical vector.
The general scheme for determining ∆ J and the J = 2 pairing : At temperature is lowered, superfluid condensation first takes place at the (even) angular momentum channel J with largest negative coupling constant g J . The free energy eq.(3) to the quartic order in
where
is the density of state at the fermi surface per spin, β = 7ζ(3)/(8π 2 T 2 c ), and ǫ F and k F are the Fermi energy and momentum. To determine ∆ (J) , we substitute eq. (7) into eq.(9) and find the matrix A that minimizes the energy. In the following, we shall present the exact solution for for S-wave J = 2 Cooper pairs formed by spin-f fermions. The solutions of J > 2 Cooper pairs will be studied elsewhere for they require much lengthier calculations than the J = 2 case, which is already lengthy. Our method, however, applies to all J ≥ 2 pairs.
¿From eq.(9), one can see that F is of the form
After evaluating the traces (see Appendix), we find
(11) 
Eq. (11) is identical to the free energy of a general d-wave singlet superfluids The minimization problem of eq.(11) was solved by Mermin [8] . Only three equilibrium phases are possible [9] : , and in
. The superfluid is therefore a "real" state for f = . This change of pairing behavior can be understood as follows. As mentioned before, as f → ∞, the order parameters in eq. (7) and eq. (8) To estimate T c . we use the value of k F and ǫ F at the center of the trap. For an anisotropic trap with frequencies ω ⊥ and ω z in the xy-plane and along z, it is easy to show that
, where a ⊥ = h/Mω ⊥ , where R is the radius of the cloud in the xy-plane related to the total number of particles N as experiments is 10 −9 K, these transition temperatures of fermions (which can be made higher by increasing the trap frequency or the anisotropy λ) appear to be feasible. Since g 0 is most negative, singlet instead of J = 2 pairing will first occur in zero field. This, however, does not mean that all higher spin pairing states are non-observable. The singlet spin states can be efficiently suppressed in a magnetic field (obtained by specifying the total spin of the system as mentioned in the introduction), thereby revealing all other higher spin pairing states [11] . For length reasons, the effects of spin constraints will be discussed elsewhere.
Final Remarks:
We have shown that the superfluid phenomena of alkali fermions become amazingly rich once the spin degrees of freedom are released. Should the current efforts of cooling alkali fermions to degenerate limit be successful, transferring the degenerate gas into an optical trap [2] will help one to uncover the superfluid phases discussed here. 
